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Abstract 
The paper presents the comparison of two methods: analytical Kinematic Method (KM) and Finite Element Method (FEM), which enable 
one to take into account typical kinds of damage to masonry arch barrels and to examine their effect on the ultimate load bearing capacity 
of the structure. 
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1. Introduction 
Considering the large number of masonry arch bridges still being in service (over 40% of all railway bridges in Europe) 
and their accelerating degradation, the analysis of the effect of damage on their load bearing capacity is an increasingly 
topical and urgent scientific as well as practical problem. This paper focuses on the comparison of Kinematic Method (KM) 
and Finite Element Method (FEM) which enable one to take into account typical kinds of damage to masonry arch barrels 
and to examine their effect on the ultimate load bearing capacity of the structure. The considered problem of masonry bridge 
mechanics concerns single-span bridge structures with a single-layer arch barrel with constant radius R and thickness D. The 
plane models of a unit width B used for the analyses represent an arch barrel, and the soil fill area situated directly above it. 
The studied interactions are: the dead weight of all the components and an external load simulating the pressure exerted by a 
single axle of a vehicle – which is the most disadvantageous loading configuration for the arch structures (which was also 
experimentally confirmed by Helmerich et al. [1]). 
2. Kinematic method description 
2.1. Basic assumptions 
The range of analysis by the kinematic method covers the investigation of the structure’s ultimate load bearing capacity 
by determining the external limit load and the associated mode of failure, i.e. the location of plastic hinges. The proposed 
approach can be used to analyse an undamaged structure as well as taking into account the effect of different types of 
damage. 
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In the proposed solutions both the earth fill material and the arch barrel material are assumed to be homogenous. A major 
assumption is the inability of the arch barrel to transfer tensile stresses whereby slightly underrated, and so being on the safe 
side, limit load values are obtained. For compression, the constitutive relations for the arch barrel material are defined 
according to an ideally rigid-plastic model. Considering the low stress levels (and the corresponding very low strain levels) 
outside the critical cross sections, the adopted approach based on the above material model ensures good representation of 
the behaviour of the arch structures in ultimate load bearing capacity states. 
The analytical procedures described in the following subsections were developed using MATLAB ver. 7.0 scripts 
presented in [2].  
2.2. Kinematic method algorithm 
The algorithm used for estimating the ultimate load bearing capacity of a masonry bridge is based on the iterative 
kinematic-static problem solving procedure to determine the internal forces for the failure mechanism.  
The kinematic part of the algorithm comes down to determining the form of the failure mechanism, i.e. the location of 
plastic hinges, resulting in a geometrically variable structure (Fig. 1), for which the external limit load reaches a minimum. 
The computations are performed using the equation for the virtual work of a system of rigid plates modelling the displacing 
arch barrel segments and the soil areas. The concentrated forces representing the weights of the analysed parts of the 
structure are denoted by Gi for the arch barrel and Fi for the earth fill (i = 1, 2, 3), as shown in Fig. 1. Also passive earth 
pressure W acting on the first segment of the arch barrel, and an external load uniformly distributed along length w, 
amounting to P, are taken into account. Via the soil fill the external load is additionally dispersed at angle φ corresponding 
to the earth internal friction angle and ultimately (in the form of forces P1 and P2) acts on the second and third segments of 
the arch barrel. 
For the initially assumed positions of plastic hinges j = 1, ..., 4 the permanent centres of the plates and the centres of 
gravity of the particular parts of the structure as well as the vertical components v of the virtual displacements of all the 
structural components and the horizontal h components of the displacements of the first segment of the arch barrel were 
determined.  
The static part of the algorithm is applied for determining cross-sectional forces Nj on the basis of the force moments 
calculated relative to three plastic hinges, equated with the bending moments produced by forces Nj acting on arm dpj/2, see 
Fig. 2b. 
 
Fig. 1. Schematic of kinematic method computational model with plans of vertical and horizontal virtual displacements of segments 
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The plastic strains of the arch barrel are taken into account in the model by shifting the location of the forming plastic 
hinges along the height of the critical cross sections. For the ideally rigid body model such hinges form at the edges of the 
arch barrel, see Fig. 2a. 
j Nj
dpj/2
dpj
fc
j
Nj
 
Fig. 2. Arch barrel cross section with plastic hinge: (a) ideally rigid; (b) ideally rigid-plastic material model 
Whereas when material yielding is assumed, each hinge j is located at distance dpj from the arch barrel edge, 
corresponding to the height of the cross section needed to transfer axial force Nj without exceeding the yield stress (Fig. 2b). 
For a rectangular stress field the height of the yielded part of cross section dpj is given by the formula: 
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The work of the internal forces acting on the virtual internal displacements corresponds to work L’p of axial forces Nj 
acting on unit plastic displacements in the critical cross sections: 
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where: ζj – the angle of the mutual rotation of the plates separated by critical cross section j.  
Hence from the virtual work principle one gets external load multiplier λ equal to: 
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(3) 
Load multiplier λ is minimized using the medium-scale nonlinear optimization, sequential quadratic programming SQP 
[3] and the following conditions: 
1. 
1 2 3 4
π
π
2
β ≤ α < α ≤ < α ≤ γ < α ≤ −β  and 
2. λ ≥ 0.  
The problem can be solved for both a fixed position of force P, defined by angular coordinate γ = γ
P, and any (e.g. the 
most disadvantageously located) load satisfying the inequalities in the first condition. 
(a) (b)
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Fig. 3. Block diagram of kinematic method KM algorithm 
The values of forces Nj closely depend on the dpj values (formula 1). Therefore the analysis is performed iteratively in 
accordance with the diagram shown in Fig. 3. The problem-solving procedure begins with an initial assumption of no 
material yielding: dpj
0 = 0, for j = 1, 2, 3, 4, corresponding to the location of hinges on the arch barrel’s edges, and with the 
assumption of initial vector of angular coordinates of the hinges α
n = α0. Through nonlinear optimization (the inner loop in 
Fig. 3) modified vector α
n for which λn reaches a minimum is found in each step n. Horizontal support reactions Hn = [H1
n, 
H4
n] and vertical support reactions Vn = [V1
n, V4
n], internal forces Nn = [N1
n, N2
n, N3
n, N4
n] and the corresponding heights 
(dp
n) of the yielded parts of the cross sections are computed for the determined critical cross section locations and the load 
multiplier. The above computing cycle is repeated (the outer loop in Fig. 3) for new hinge locations at distance dp
n+1 = dp
n 
from the arch barrel edge, until the required solution accuracy is achieved. The measure of divergence is parameter εd, 
assumed to be in the order of R⋅10–4, specifying the differences between the heights of the yielded cross sections, 
determined in the current step and in the preceding step: dpj
n – dpj
n-1 for each j = 1, 2, 3, 4. Once the accuracy specified by 
parameter εd is achieved, the value of the load multiplier from the current step: λ = λ
n is adopted as the ultimate value of the 
load multiplier. Typically, the values of multiplier λ
n in the successive computing cycles fluctuate around the end value of λ. 
In the next cycle, in order to stabilize and speed up solution convergence the heights of the yielded parts of the cross 
sections can be determined on the basis of the current step and the preceding step, similarly as in the procedure described by 
[4], according to the formula: 
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p p p
d d d+ −= ξ + − ξ
 
(4) 
where ξ – the convergence coefficient ensuring the highest solution convergence at its value of 0.3. 
3. Analysis of damaged structures in kinematic method 
3.1. Procedure  
Three types of damage, i.e. material loss, degradation and longitudinal cracking, are analysed. Effect of variously located 
damages of different size on the ultimate load bearing capacity is considered. Besides the deadweight, the load includes the 
pressure exerted by the conventional vehicle axle located (depending on what is more disadvantageous) at 1/4 or 3/4 of span 
length L0.  
A quantity called a damage effect indicator (η) defined by the formula 
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where: ΔPult – the difference between the undamaged structure’s ultimate load bearing capacity Pult and ultimate load 
bearing capacity Pult
d of the same structure with damage taken into account, was adopted as the measure of the effect of 
damage on the ultimate load bearing capacity of the structure. 
Depending on the location of damage along the arch barrel length, several independent cases differing in the number of 
hinges forming before, within and behind the damaged zone are taken into consideration. As an example, material loss 
around hinge no. 2 is shown in Fig. 1. A different procedure than the one used for the undamaged zone needs to be adopted 
for determining the location of a hinge along the height of the critical cross section if the hinge occurs within the damaged 
area. The division of the optimization (searching for the function minimum) problem formulated in this way into separate 
cases is necessary here because the existence of the damage neither the analysed function or its derivatives are continuous 
along the whole arch barrel length. 
Thus in each of the separately analysed cases an additional condition for the location of the selected hinges is formulated: 
 
g
lk
d
θααθ ≤<<≤ …
 
(6) 
where: αk do αl – the angular coordinates of the critical cross sections (k, …, l) situated in the damaged zone, θ
d, θg – the 
angular coordinates of the upper and lower boundaries of the damaged area. 
A critical parameter here is the vector of initial solution α0 with the particular components indicating the proper arch 
barrel intervals consistent with the above conditions because it determines the solution convergence achievability and speed. 
4. Damage describing parameters 
In order to explicitly describe damage in the plane model the following three geometric parameters are introduced: 
location, extent and intensity. In addition, qualitative parameters: a degradation level and a separation coefficient are 
defined for respectively degradation and cracking. The damage parameters are defined as follows: 
• location () – a ratio between damaged area centre coordinate xc measured along the arch barrel axis and overall arch 
barrel length l, see Fig. 4a 
 l
x
c
=
 
(7) 
• extent () – a percentage ratio between damaged area length Δl measured along the arch barrel axis and overall arch 
barrel length l, see Fig. 4a 
 
%100
Δ
⋅=
l
l

 (8) 
• intensity () – a percentage ratio between damaged area height ΔD and overall arch barrel cross-sectional height D, see 
Fig. 4a 
 
%100
Δ
⋅=
D
D

 (9) 
 
Fig. 4. Graphic interpretation of damage describing parameters: (a) side view (all damage types); (b) top view (crack only) 
• degradation level () – a percentage ratio between the reduction in the strength (Δfcn) of material in the damaged area 
and the strength (fcm) of the undamaged material 
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• separation coefficient () – a percentage ratio between arch barrel effective width reduction ΔB in the damaged area and 
overall undamaged arch barrel width B, see Fig. 4b 
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4.1. Degradation of arch barrel material 
The degradation of the arch barrel material is modelled through the reduction of the material's compressive strength fc. 
Consequently, the location of plastic hinges, calculated from formula Eq.(1), is modified. Damage of this type is assumed to 
occur along the whole height of the arch barrel. Depending on the location of damage along the arch barrel height, 2-6 
independent cases, differing in their number of hinges forming before, within and behind the damaged zone, are considered 
here.  
4.2. Arch barrel material loss 
Material loss is modelled through reduction in arch barrel thickness in the damaged area, which entails modifying the 
location of a possible hinge along the height of the cross section. The bottom surface of the arch barrel in the zone where a 
hinge appears is removed from the original position by the material loss depth. Thus the initial position (in the first step of 
the iterative procedure shown in Fig. 3) of the hinge which appears in this area is appropriately modified and cross section 
yielding applies to arch barrel thickness. The analysed material loss extends only over a part of the arch barrel cross section 
on the intrados. In the most complex case, in which the damage zone begins in the right half of the arch barrel and ends on 
the left from force P one should consider four cases (Fig. 1): in the damaged area both hinges (no. 2 and 4) appear, only 
hinge 2 occurs, only hinge 4 occurs or none of the hinges (no. 2 and 4) occur. 
4.3. Crack in arch barrel 
The proposed plane model also offers the simplified representation of longitudinal cracks propagating along the arch 
barrel edge. This type of damage most often has the form of the separation of the outermost band by a crack plane, resulting 
in a reduction in the effective arch barrel width. Thus when analysing a unit arch barrel width it is assumed that in the 
damaged zone it is reduced proportionally to the ratio of after-damage width B
c to original overall arch barrel width B, see 
Fig. 4b. The reduction in arch barrel width results in a different height of the yielded critical cross section relative to the 
undamaged structure at the same cross-sectional axial force, which follows directly from formula Eq.(1). Therefore, 
depending on the location of damage along the arch barrel length, from 2 to 4 cases are considered. 
5. Finite Element modelling of masonry bridges 
5.1. Numerical model  
Plane two-dimensional FE models of masonry bridges representing an arch barrel, the soil above the arch barrel and in 
the access zones, and loading elements were adopted, see Fig. 5. The main aim of the computations was to determine the 
ultimate bearing capacity and the associated mode of structural failure of both undamaged and damaged structures. The 
FEM analyses were carried out by means of the ABAQUS software using the method presented in [5]. The whole model is 
defined as the plane-state-of-strain problem.  
 
Fig. 5. FE model of a masonry bridge used in analyses 
soil fill arch barrel 
loading plate 
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An original modelling method, called meso-modelling, proposed by [6] was used to discretise the masonry arch barrel. 
The main distinguishing feature of this modelling technique is the division of the arch barrel area into the so-called masonry 
segments, comprising groups of several masonry blocks together with the joints occurring between them, and into layers of 
radial joints between the segments. This approach significantly simplifies the mesh and reduces the number of required 
finite elements. 
The distinguished masonry segments are defined by an orthotropic elasto-plastic material model with yield stresses 
corresponding to the compressive strength of the masonry. The mechanical characteristics are defined using the material 
homogenization technique which takes into account the properties and locations of all the components: masonry blocks, 
radial joints and tangential joints. Two-stage laminar homogenization XY (according to [7] is used here).  
Since the selected radial joints (between the masonry segments) are the main areas in which the arch barrel may fail they 
are modelled with special care. The material of the joints corresponds to the constitutive model of concrete. A plastic-brittle 
degradation model proposed by [8] and further developed by [9], known as Concrete Damaged Plasticity, was used in the 
analyses. A much reduced strength of the joints under tension equal to ftm = 0.05÷0.10 MPa was assumed (according to 
findings of [10]).  
6. Analysis of damaged structures in FEM 
In FEM, the degradation of arch barrel material is modelled through the proportional modification of the material 
parameters of the arch barrel segments and joints (Fig. 6a), using multiplier k = (1 – ). Subject to reduction are: the 
compressive strength of the material fcm
d = kfcm and the elastic modulus of the joints Em
d = kEm. This usually happens when 
the material has been exposed to moisture for a considerable time [11-12].  
Arch barrel material loss is modelled by removing selected finite elements from the undamaged structure model mesh, 
see Fig. 6b. In the discussed cases, damage occurs only in the part of the arch barrel cross section adjoining the intrados, 
which is consistent with real cases. 
   
 
Fig. 6. Modelling of arch barrel defects in FEM: (a) material degradation; (b) material loss; (c) longitudinal cracks 
Longitudinal cracks are implemented in the plane FEM model through a reduction in the thickness of the plane finite 
elements situated within the damaged area, see Fig. 6c. Reduced thickness (B
f) is calculated as the product of the thickness 
of the elements in the undamaged zones (B
0) and the expression for separation coefficient (): Bf = (1 – )B0.  
7. Parametric analysis 
Effects of different types of damage on the ultimate load bearing capacity of bridge structures achieved by the KM and 
FEM for identical cases were compared. The study covered bridge structures with different typical geometries (clear span L0 
and arch rise to span ratio f/L0), for which the following types of damage were defined: degradation, material loss and 
cracking.  
 
(a) (b)
(c)
elements  
with modified 
material 
parameters 
zone of removed 
elements 
elements with reduced thickness 
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L0 = 5 m, r/L0 = 1/4, = 10 %,  = 30 %
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(a)                                                                                         (b) 
Fig. 7. Results of analyses for spans with length L0 = 5 m and f/L0 = 1/4 with degradation of material with parameters  = 10%,  = 30% and  = 
0.05÷0.45: (a) limit load Pult and Pult
d; (b) damage effect indicatorη 
 
L0 = 15 m, f/L0 = 1/4,  = 10 %,  = 20 %
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(a)                                                                                         (b) 
Fig. 8. Results of analyses for spans with length L0 = 15 m and f/L0 = 1/4 with loss of material with parameters  = 10%,  = 20% and  = 0.05÷0.45:  
(a) limit load Pult and Pult
d; (b) damage effect indicator η 
 
L0 = 15 m, f/L0 = 1/2,  = 0.50,   = 20 %
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(a)                                                                                         (b) 
Fig. 9. Results of analyses for spans with length L0 = 15 m and f/L0 = 1/2 with crack in arch barrel with parameters  = 0.50,  = 20% and  = 0.10÷0.70: 
(a) limit load Pult and Pult
d; (b) damage effect indicator η 
Selected results of the analyses carried out using respectively kinematic method and FEM are presented in Figs. 7, 8, 9 in 
the form of absolute values of limit load Pult
d for damaged structures against Pult for undamaged structures, and in 
percentage terms, as damage effect indicator η. Because of the symmetry the results are presented for only half of the arch 
barrel length. Each diagram of Pult
d represents two cases of load location, i.e. at 1/4L0 and 3/4L0. The Pult
d curves are not 
smooth due to the variable occurrence of the critical cross sections in the damaged zone, depending on the values of the 
damage parameters. For the presented analyses material degradation was additionally described by degradation level  
 = 30%. Separation coefficient  = 20% was assumed for longitudinal cracks in the arch.  
In the case of material loss, the locations of damage which coincide with the cross sections containing plastic hinges no. 
2 and 4 were distinguished, denoting the diagram branches as KM_2 and KM_4, respectively. When determining damage 
effect indicator η for each damage location the minimum load bearing capacity was taken into account. 
8. Conclusions 
The presented analytical results confirm the effectiveness of the proposed approaches, i.e. the kinematic method (KM) 
and FEM, in the analysis of the effects of the considered types of damage on the load bearing capacity of masonry bridges. 
There is good agreement between the results obtained by the two methods, despite the obvious differences in the 
fundamental assumptions of the particular models, for instance, in the material characteristics. For example, in the KM the 
arch barrel material is rigid in the elastic range and not linearly-deformable as in FEM. In the stage of yielding the material 
is ideally plastic, i.e. without strengthening/ /hardening. The shapes of the limit load diagrams (Fig. 7 - Fig. 9) obtained by 
the two methods are similar and the zones of damage influence on the particular plastic hinges can be identified in them. 
The differences between the absolute values of damage indicator η determined by the two methods on average do not 
exceed a few per cent. Nevertheless, the results show that the MK usually yields lower ultimate load bearing capacity values 
than FEM, for both damaged and undamaged structures. 
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The characteristic feature of the proposed kinematic method is that using it one can obtain solutions for the location of 
cross sections which yield in points arbitrarily situated along the whole length of the arch barrel. This fundamentally 
distinguishes the KM from FEM or other methods, e.g. [4], in which the discrete division of the arch barrel into blocks 
limits the location of plastic hinges to the contacts between the blocks defined in the model. Nevertheless the difference 
between the continuous models and the discrete ones does not generate significant discrepancies in ultimate load bearing 
capacity values, especially when a proper density of the division of the arch barrel into segments is adopted. 
The practical importance of the presented analyses is indisputable, as confirmed especially by situations in which a quick 
diagnosis of a degraded bridge is necessary or when there is a need to compare several damaged bridge structures and 
identify the critical cases which should be dealt with first. 
Acknowledgements 
Scientific research has been carried out as a part of the Project „Innovative resources and effective methods of safety 
improvement and durability of buildings and transport infrastructure in the sustainable development” financed by the 
European Union from the European Fund of Regional Development based on the Operational Program of the Innovative 
Economy. This support is gratefully acknowledged. 
References 
[1] Helmerich, R., Niederleithinger, E., Trela, C., Bień, J., Kamiński, T., Bernardini, G., 2012. Multi-tool inspection and numerical analysis of an old 
masonry arch bridge, Structure and Infrastructure Engineering 8(1), pp. 27–39. 
[2] Kamiński, T., 2008b. The ultimate load of masonry arch bridge spans taking into account influence of defects, PhD Thesis, PRE – 1/2008, Wrocław 
University of Technology, Poland  (in Polish). 
[3] The MathWorks, Inc., MATLAB 7.0 Documentation, 2004. 
[4] Gilbert, M., 1998. “On the analysis of multi-ring brickwork arch bridges”, Proceedings 2nd International Arch Bridges Conference, Venice, pp. 109–
118. 
[5] Bień, J., Kamiński, T., 2006. “Numerical modelling of damaged masonry arch bridges”, 3rd International Conference on Bridge Maintenance, Safety, 
Management, Life-Cycle Performance and Cost (IABMAS 2006), Porto, Portugal, pp. 227–228. 
[6] Kamiński, T., 2008a. “Mesomodelling of masonry arches”, 6th International Conference AMCM’2008 – Analytical Models and New Concepts in 
Concrete and Masonry Structures, 9-11 June, Łódź, Poland, pp. 359–360. 
[7] Lourenço, P.B., 1996. Computational strategies for masonry structures, PhD Thesis, Delft University Press, The Netherlands. 
[8] Lubliner, J., Oliver, J., Oller, S., Oñate, E., 1989. A Plastic-Damage Model for Concrete, International Journal of Solids and Structures 25(3), pp. 229–
326. 
[9] Lee, J.S., Fenves, G.L., 1998. Plastic-Damage Model for Cyclic Loading of Concrete Structures, Journal of Engineering Mechanics 124(8), pp. 892–
900. 
[10] Van der Pluijm, R., 1997. Non-linear Behaviour of Masonry under Tension, HERON 42(1), pp. 25–54.  
[11] Roberts, T.M., Hughes, T.G., Dandamudi, V.R., Bell, B., 2006. Quasi-static and high cycle fatigue strength of brick masonry, Construction and 
Building Materials 20, pp. 
603–614. 
[12] Vásárhelyi, B., Ván, P., 2006. Influence of water content on the strength of rock, Engineering Geology 84, pp. 70–74. 
